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Abstract. The present paper is concerned with strong stability of solutions 
of non-autonomous equations of the form u{t) = A{t)u{t), where A{t) is an 
unbounded operator in a Banach space depending almost periodically on t. A 
general condition on strong stability is given in terms of Perron conditions on 
the solvability of the associated inhomogeneous equation. 



1. Introduction 

In this paper we consider the asymptotic behavior of solutions of evolution equations 
of the form 

dx 

— =A{t)x, teR, (1.1) 

in terms of the existence and uniqueness of bounded solutions to the inhomogeneous 
equations 

^^A{t)x + f{t), teR, (1.2) 

where A(t) is a family of unbounded linear operators on a (complex) Banach space X 
that depends almost periodically on t, and / is an almost periodic function taking 
values in X. Throughout the paper we assume that the homogeneous equation 
(II. 1[) generates an almost periodic evolutionary process {U{t, s)t>s) (see Definition 
12. 5p . If (|l.ip is autonomous (that is, A{t) = A for all t), and dim(X) < oo the 
classical Lyapunov Theorem states that (|1.2p is strongly stable if all real parts of 
the eigenvalues of A are negative. In the infinite dimensional case this condition 
is no longer valid. In fact, one needs more conditions to guarantee the (strong) 
stability of solutions to (dH]). We refer the reader to [2 H [3 [H [HI US] and the 
references therein. If A{t) depends on t, the spectra a{A{t)), in general, do not 
play any role in determining the behavior of solutions to (II. ip . If A{t) depends 
periodically on t with period r, the period map P := U (r, 0) can be used to study 
the problem via discrete analogs, results that can be found in pi [TSl 155] . 

The problem becomes much more complicated when A{t) depends on t almost 
periodically (but not periodically) . The idea of linear skew products has been used 
extensively to study the stability and exponential dichotomy of non-autonomous 
equations. In this direction, the concept of evolution semigroups, as a variation of 
the aforementioned idea, proves to be a very effective analytic tool (see [51 118)). 
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However, since typically evolution semigroups are considered in the function spaces 
LP(X),Co(X) or AP(X), the spectrum of the evolution semigroup associated with 
p.ip is too coarse to characterize finer properties of the system like strong stability. 
Indeed, the spectrum of the generator of the evolution semigroup associated with 
an evolution equation in one of these function spaces consists of a union of vertical 
strips in the complex plane, hence the imaginary axis is either contained completely 
in the spectrum or does not intersect it. On the other hand, the well known ABLV 
Theorem (see Theorem 12. 4[) for stability of Co-semigroups allows the generator's 
spectrum to intersect the imaginary axis. 

The main purpose of this paper is to provide a setting in which the idea of evolution 
semigroups combined with the spectral theory of functions can be further used to 
study the asymptotic behavior of solutions of We consider the evolution 

semigroup associated with (|l.ip in the smallest invariant subspace of the space of 
all almost periodic functions AP(X) which we call minimal evolution semigroup of 
(jl.ip . In general, this smallest invariant function space is determined by the Bohr 
spectrum of the coefficient operator A{t). The main results (cf. Theorem 13. 5|) we 
obtain in the paper are extensions of results known in the autonomous and periodic 
cases. Our conditions for strong stability are stated in terms of Perron conditions 
which are very popular in recent studies on stability and dichotomy (see for example 
[l2l [T3l [T8l [25l [26l [27]). We analyze some particular cases as examples of how the 
obtained results can be applied to equations with almost periodic coefficients. 



2.1. Almost Periodic Functions. In this paper we use the concept of almost 
periodicity in Bohr's sense. The reader is referred to [H [M] for some standard 
definitions and properties of almost periodic functions taking values in a Banach 
space X. 

Definition 2.1. A bounded and continuous function 5 : R — >■ X is said to be almost 
periodic in the sense of Bohr (or simply almost periodic) if for each given sequence 
{t„}^2 C K there exists a subsequence {Tnk}kLi such that the limit 



exists uniformly in t G R. 

Given an almost periodic function g, for each A € M the following is shown to exist 



And, except for at most a countable set Ob{g) of values of A, this limit Mx^g is 
always equal to zero. 

Definition 2.2. Let T C M. The semi-module generated by T, denoted by sm{T), 
is the set of all real numbers fi of the form 



where A: is a positive integer, Ai, A2, . . . , A^ G T, and m, n2, . . . , rifc are non- negative 
integers. 



2. Preliminaries 



lim g(t + T„J 



(see [H]) 




^ := niAi + n2A2 H h nkXk 
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Note that by this definition G sm{T). 

Let ab{A) be the Bohr spectrum of the almost periodic A : R — > X. We wih denote 
the semi-module generated by this spectrum by A := sm{ab{A)) . We introduce the 
following notation 

APa(X) := {g e AP(X) : atig) C A}. 
Note that APa(X) is a closed subspace of AP(X). 

Let A be a closed operator in a Banach space X, and let A generate a uniformly 
bounded Co-semigroup of linear operators {T{t))t>o, i-e., supj>o 11^(011 < The 
following lemma is proved in [5J p. 2073]. 

Lemma 2.3. Let x G X fee fixed, then the map 

R : {ReX > 0} ^ X, A R{X, A)x 

is holomorphic. Furthermore, denote by au{A,x) the local unitary spectrum of x, 
i.e. the set of points A G iR to which R cannot be extended holomorphically. Then 
x) C a{A) n iR, and 

u{A) niM = U au{A,x). 
We also restate a well known result from S-, Theorem 3.4]. 

Theorem 2.4 (ABLV Theorem). Suppose {T{t))t>o is a bounded Co-semigroup 
in a Banach space X with generator A, x Cz H is fixed. Denote by cruiA,x) the 
set of ip G iM such that the local resolvent, R{a + i/S, A)x, a > 0, does not extend 
analytically in some neighbourhood of ip. If 

(i) au{A,x) is countable, 

(ii) VmiaR{a + ij3, A)x — 0, for all (3 with ip G au{A,x), 
then 

hm \\T{t)x\\ = 0. 

r— ^C30 

2.2. Evolution semigroups associated with evolutionary processes. 

Definition 2.5. A two parameter family {U{t, s))t>s of bounded linear operators 
acting in a Banach space X is said to be an evolutionary process if the following 
conditions are satisfied: 

(i) U{t, t) — Id, for all i G M, where Id is the identity operator of X, 

(ii) U(t, r)U{r, s) = U{t, s) for al\s<r <t, 

(iii) There are non-negative numbers M,a such that ||?7(i, s)|| < Me"*^*""-' for 
all t > s, 

(iv) The map (t, s) i— > U{t, s)x is continuous for each a; G X. 

An evolutionary process {U{t, s))t>s in a Banach space X is said to be almost 
periodic if 

(v) for each a; G X, s G M the function R 3 t ^ U{t + s, s)x G X is almost 
periodic. 
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Definition 2.6. Given a function space F as a subspace of BC{R,X). Assume 
that {U{t, s))t>s is an almost periodic evolutionary process generated by and, 
for each h > and g ^ F, the function M 9 i i— > U{t, t — h)g{t — h) belongs to F. 
Then, the evolution semigroup {T''')h>o associated with (jl.ip in the function space 
F is defined as the family of bounded operators T^,h > 0, defined by 

[T''g]{t) = U{t,t- h)g{t~h), g e F,t eR,h>Q. 

The assumption that {U{t, s))t>s is an almost periodic evolutionary process implies 
that the function R3ti^ U(t, t-h)g{t~h) belongs to AP{X) for every g € AP{X). 
Hence the evolution semigroup {T^)h>o associated with is well defined on 

F AP{X). We will later choose F as an appropriate invariant subspace of 
AP{X). 

3. Asymptotic Behavior of Solutions 

Consider evolution equations of the form 

i ^[Ao + A{t)]x, teR,xeX, (3.1) 

where Aq generates a Co-semigroup denoted by e*^°,t > 0, and A : M — >■ L(X) is 
almost periodic in the norm topology. 

To equation p. II) we associate the following integral equation 

x(t) = e(*-'*)^"a;(s) +^ e(*-«)-^M(Ode, t>s;t,seR. (3.2) 

Every continuous function x{-) on an interval J, which is of the form [a,b], (a, 6], 
(a, b) or [a, b), is said to be a mild solution of (|1.2p on J. 

It is well known that (jS.ip generates an evolutionary process in X which is deter- 
mined by the integral equation (13.11) . The following theorem shows that this process 
is almost periodic, and its associated evolution semigroup (T'')^>o in AP{X) leaves 
the function space APj^{\) invariant, where A is defined as sm{ai,{A{-))) . 

Theorem 3.1. Under the above assumptions and notation, the evolution semigroup 
associated with equation (jl.2p in the function space APa(X) is well defined as a Cq- 
semigroup. 

Proof. First, note that the evolution semigroup associated with the evolution equa- 
tion X — Ax is well defined as a Co-semigroup in APa(X). In fact, this fol- 
lows from the fact that e'^^g{-) is in AP(X) whenever g is in AP(X). Moreover, 
'^b{s^'^g{-)) C crb{g). Next, since A{-) is almost periodic in the norm topology, in 
AP(X) we can define the operator Ma of multiplication by A{t), that is. 

Ma : AP(X) 3g^ A{-)g{-) e AP(X). 

Note that Ma leaves APa(X) invariant. In fact, this can be checked by using the 
Approximation Theorem of almost periodic functions |11[ Theorem 1.19, p. 27] 
as follows. Since g G APa(X), there is a sequence of trigonometric polynomials 
gn with exponents in A that approximates g. Similarly, we construct a sequence 
of trigonometric polynomials A„(-) that approximates A{-) in norm topology with 
exponents also in A. Then, A„(-)(7„(-) approximates A(-)g(-). As A is the semi- 
module generated by ab{A{-)) we get that the exponents of A„(-)(7„(-) lie in A. 
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Let Gaq be the generator of the evolution semigroup {T^}) associated with x — Aqx 
in APa(X). Then, since Ma is a bounded hnear operator in APa(X), Gao + Ma 
generates a Co-semigroup in APa(X). We now show that this semigroup in APa(X) 
is nothing but the evolution semigroup of (|3.2p in APa(X) associated with equation 
p.ip . In fact, let us denote by (S''*) the semigroup that is generated by Gaq + Ma 
in APa(X). Then, this semigroup (5'') satisfies the equation 

S^'v = T^^v + / tI^^^MaS^vcLS,, for aU /i > 0, w G APa(X). 

Therefore, for each t e M, by the definition of the evolution semigroup [T^) associ- 
ated with the equation x = Aqx, we have 

[S\m = {T^v){t)+ (\T'^-^{MAS^v)){m 



= Toih)v{t-h)+ To{h-OiMAS^v){t^h + OdC 
Jo 

Since h and t are arbitrary, we may set h — t — s, so the above equation becomes 

[S'-'^vm = To{t-s)vis)+ Toit~s~OiMAS^v){s + Odi 

Jo 

= To{t - s)v{s) + ^ To{t - r^){MAS^-'v){r^)dt 
Define w{t) := then w is the unique solution of the equation 

wit) = Toit~s)vis)+ Toit~s~OA{s + OS^vis + Od^ 

Ja 

= To{t - s)x + To{t - r])A{r])w{ri)dr]. 

However, this is the equation that defines U{t, s)x. Therefore, we have for all t > s, 
V e APa(X) 

[S'-~''v]{t) = U{t,s)v{s). 
In particular, when h := t — s we have that S^v = U{t,t — h)v{t — h) for all 
/i > 0,t G R,?; e APa(X), i.e., {S^)h>o is the evolution semigroup {T^)h>o for each 
/i > 0. This completes the proof of the theorem. □ 

Definition 3.2. The evolution semigroup {T^)h>G associated with p.ip on the 
function space APf^{%) is called the minimal evolution semigroup associated with 
p.ip and G := Ga,, + Ma is called the infinitesimal generator of T''. 

Tiieorem 3.3. Equation I13.1\) is strongly stable if its minimal evolution semigroup 
{T^)h>o is strongly stable. 

Proof. Let 7^ xo G X. Define g{t) = xq for all t e X. Obviously, g G APa(X) 
because (Jb{g) C {0}. Since {T'^)h>o is strongly stable, 



lim T'^z = 

h^oo 



for each z G APa(X). In particular. 



hm T^g = 0. 
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That means, 



Therefore, every mild solution of (j3.ip is convergent to the origin, proving strong 
stability of ([XT]). □ 



= ^lim sup\\U{t,t- h)xo\\ > \im \\U{h, 0)xo\\ > 0. 



Definition 3.4. Let us denote by the following set 

ct(G) n « = {A = i^lP e M, i/3 e cr(G')}, 

and call it the spectrum of equation p.ip . 



It can be checked (see e.g. |21j) that the generator G :— Gaq + Ma is well-defined. 
The domain D{G) of G consists of all functions u in APa(X) such that there exists 
a function / e APa(X) for which 

u{t) = U{t, s)u(s) + / U{t, OfiOdC, for all t > s,t, s e RJ e APa(X). 



And, in this case, for such / and u, Gu = — /. In the same way, u e D(Gao) ^^'^ 
GaoU = -/ if and only if for all t > s, t, s e R, f e APa(X) 

u{t)^To{t-s)uis)+ f Toit-OfiOdC- 

J s 

The operator G — X generates a semigroup (i?'') in APa(X) which is uniquely 
determined by the equation 

r'^v ^T^v+ / T^-^{-~\)R^vd£,, h>0,ve APa(X). 
Jo 

Without difficulty we can check that = e^^^T^ which is exactly the evolution 
semigroup associated with the process V{t^s) :— e^'^^*~'*''C/(t, s). Therefore, u g 
D{G - A) and (G - A)u = -/ if and only if 



Therefore, A belongs to p{G) if and only if for each / e APa (X) there is a unique 
solution u\j to the equation 

uxjit) = e-^(*-^){/(t, s)u^j{s) + f e-^(*-«)[/(t, Ofim (3-3) 

J s 

for aU s e M with t> s. 

With this preparation we are ready to prove the main result of the paper. 
Theorem 3.5. Assume that 

sup||[/(t,s)|| < oo, (3.4) 

t>s 



and for all A G iR hut at most a countable set S, equation iS. 3]) has a unique 
solution u\j for each given f € APa(X). Moreover, assume that for each A G S 
and each fixed f G APa(X), 

limawA+a,/ — 0. (3.5) 
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Then equation 113.1]) is strongly stable. 

Proof. First, by p.4p the semigroup (T'') is uniformly bounded. By the Spectral 
Inclusion of Co-semigroups (see Pazy [24j), a{G) C {z £ C : Rez < 0}. Since 
Re{a + X) = a > 0, by Lemma [Ol a + X £ p{G), and thus, (|3.5p makes sense. Since 
S is countable, also cr„(G,M) is countable. The theorem is obtained by applying 
directly the ABLV Theorem 12.41 to the evolution semigroup (T'*) in APa(X). In 
fact, as shown above, p.Sp is exactly the condition that 

limQ;i?(a + A, G)u — 

for each u £ APa(X), A G S. This means that the evolution semigroup (T'*) is 
strongly stable in APa(X). By Theorem 13.31 this yields the strong stability of 
dSI]). □ 

Special cases of Theorem 13.51 Below we will discuss several special cases of the 
above theorem. 

Example 3.6. If A{t) = for ah t, then A = {0}. Therefore, APa(X) is nothing 
but the space of all constant functions, hence it can be identified with X. The 
evolution semigroup associated with p.ip is actually the semigroup e*'^" generated 
by the operator ^o- 

Therefore, the following corollary is obvious, and is the ABLV Theorem. 

Corollary 3.7. Let generate a uniformly bounded semigroup T{t), and let 
a'{Ao) n iM. be countable. Moreover, let for each iX £ a-{Ao) n iM. and x £ K 

lim aR{iX + a, Ao)x — 0. 

Then, equation p.ip is strongly stable. 

Example 3.8. Consider the linear evolution equation 

Tt = ^W^' 

where a; G X, A{t) is a (not necessarily bounded) linear operator acting on X for 
every fixed t and A{t + 1) = A{t). Then APa(X) is nothing but the space of all 
1-periodic functions, and the process {U{t,s))t>s is 1-periodic (see [21] for related 
concepts and results). By [3T1 Proposition 1] equation (13. 3p has a unique solution 
in APa(X) if and only if 1 £ p(e-^C/(l, 0)), or equivalently, £ p{U{l,0)). Let 
us denote by P the monodromy operator [/(1,0). It is well known that the strong 
stability of the 1-periodic evolutionary process {U{t,s))t>s can be studied via the 
stability of its monodromy operator P (see, for example, [33]). A discrete version 
of the ABLV Theorem on stability of individual orbits of the monodromy operator 
P is given in [TS] Corollary 3.3]. We now show that the conditions of [151 Corollary 
3.3] actually yield the conditions of our Theorem 13.51 In fact, the countability of 
S][ (|3.ip ] follows from the countability of cr(P) n P, where F is the unit circle of the 
complex plane. Next, let iXo £ S (f3?T]) . Then, zq := e'^" £ cr(P) n F. Therefore, 



lim (z — zq)R{z, P)xo = 0. 



(3.6) 
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We will show that (IHH) yields ([SH). By the definition of hmit ([SH) in [15 , ^Bl 
can be re-written as 

lini(e*^°+" - e'^°)R{e'^''+",P)xo = 0. 

Or equivalently, 

lim(e" - l)R(e'^°+",P)xo = 0, 

and hence, 

limai?(e'^°+",P)xo = 0. 

Let / € APa(X), that is, / is an arbitrary continuous 1-periodic function taking 
values in X. Then, let 

Ja 

And let UiXg^aj be the unique solution to equation p.3p . Then, it is easy to check 
that 

Therefore, by the definition of the evolutionary process, 

ll"iAo+a./ll SUp||uao+a,/(OII = SUp \\u,Xo+a.f{t)\\ 

teR o<t<i 

= Me'^||M,Ao+a,/(0)|| 

< Me'^\\Rie'^°+",P)xol 

where the positive numbers M, /? depend only on the process {U{t, s))t>s (see Def- 
inition [53]) . This shows that (I3.6P yields p.Sp . and thus, the following result is a 
corollary to Theorem 13.51 

Corollary 3.9. Let the monodromy operator P of the 1-periodic evolutionary 
process {U{t, s))t>s be a power bounded operator, i.e. sup„gpj ||P"|| < "o, such that 
(t(P) n r is a countable set. Moreover, assume that for each G cr(P) n F the 
following holds for each xq G X 

lim(A-^o)i?(A,P)xo = 0. 

Then, for every xq G X and for every s e R, 

lim U{t, s)xo = 0. 

t—^oo 

In summary. Theorem 13.51 covers two well known special cases of non- autonomous 
equations, including the autonomous and periodic cases. For the general case of 
non-autonomous equations the generator G of the evolution semigroup may have a 
more complicated spectrum, and we will discuss this topic in the next section. 
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4. Spectrum of the generator G 

In this section we will give a detailed analysis of the spectrum of the generator G 
of the evolution semigroup associated with a certain equation. 

Proposition 4.1. Let (T'') be the minimal evolution semigroup associated with 
()3.1|) . and G be its generator. Assume further that the semi- module generated by 
the set of frequencies of the function A{-) is actually a module. Then, for each 
AG A 

iX + cr{G) c ct(G) 
i\ + p{G) c p(G). 

Proof. Let A G A. The above inclusions are actually equivalent to the claim that 
IJ, e p{G) if and only if lA + ^ e p{G). By the argument that precedes Theorem 
fj, S p(G) if and only if for each / e APa(X) the integral equation 

x(i) = e-'^(*-^)C/(t,s)x(s)+ re-^(*-«)C/(<,0/m (t > s) (4.1) 



has a unique solution in APa(X), denoted by u^j. Since A is assumed to be a 
module, u^j G APa(X) if and only if the function w : M — > M, 1 1— >■ e''*'*u^j, belongs 
to APa(X). Moreover, Uf^j is the unique solution of (|4.ip if and only if v is the 
unique solution of the equation 

2/(t) = e-(''^+^)(*-^)C/(t,s)j/(s)+ re'(''^+'^)(*-«)C/(i,0/(e)rf^ H > ^s), 

J s 

that is, iX + p £ p[G). □ 

Remark 4.2. As an example for the case when A is a module we can take the 
equation x{t) — (e** + e~**)a;(t). Then, the semi-module generated by the set of 
frequencies is the set of all reals of the form 

71 • 1 + m • (—1), 

where m, n are non-negative integers, hence A = Z. If A is not a module, the 
situation may be more complicated. 

In order to analyze the spectrum of the generator G of the minimal evolution 
semigroup associated with ()3.1|) . in case the non-autonomous term A(t) is small, it 
is useful to consider the generator Go,a of the evolution semigroup (Tq^) associated 
with the equation u = Aqu in the function space APa(X). 

Lemma 4.3. Assume that Aq is a sectorial operator, and the semi-module A is a 
closed subset of the real line. Under the above assumption and notation, 

ct(Go,a) = cr(Ao) - iA. 

Proof. By the main results of [TS] , 

p e p(Go,a) <y{Ao - p)r\iA^(d. 

This condition means there are no complex numbers 77 e cr(Ao) a-nd A G A such 
that rj — p ^ iX, or, p cannot be expressed as /i = ry — iA with 77 G a-{Aa) and A G A. 
In turn, this yields that p ^ cr(Ao) — iA, or, p G C\{(t{Ao) — iA). This proves the 
proposition. □ 
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Recall that we are denoting by G the generator of the evolution semigroup associ- 
ated with equation 

Proposition 4.4. Assume that is a sectorial operator, and the semi-module A 
is a closed subset of the real line. Then, for each compact subset 

K c p(Go,a) = C\(a(Ao) - iK) 

there exists a number 5q> Q such that if 

sup||yl(<)|| < 5o, 

then, 

(7(G) n i^: = 0. (4.2) 



Proof. Since X is a compact subset of p(Go,a) 

sup ||i?(A, Go.a)|| = ^ < cx). 

Let A denote the operator of multiplication by A{t) in AP{^{%). Note that this 
multiplication operator is well defined in APj^{l€), and moreover, this operator is 
bounded. Therefore, there exists a positive 5^ such that the operator 

[I - R{\,Go,k)A)-^ 

whenever ||^|| < 5q and \ € K. Next, we can show that for each \ € K 

(I ~ i?(A, Gq^k)AY^R{\ Go,a) = ^(A, Go,A + -4) ^ i?(A, G). 

In fact, set 

{/:-(/- i?(A, Go.A)^)"'i?(A, Go.a). 
With this notation we have 

(/-i?(A,Go,A)^)?7 = -R(A,Go,A). 



Therefore, 



and hence, 



This yields 



that is. 



C/ = i?(A,Go,A) + -R(A,Go,A)^C/, 
(A-Go,A)C/ = / + ylC/. 
(A - Go,a)C/ - ^C/ = /, 
(A - Go^A - A)U = (A - G)U = I. 



In other words, U = i?(A, G) whenever X € K and \\A\\ < Sq. This yields (j4?2l) . 
The proposition is proved. □ 
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4.1. One dimensional case. As a motivation, we consider the equation 

dx . , 
- = a(Ox, 

where a(t) is an almost periodic function taking values in X :— M. Define the 
operator G — ~d/dt + a{t). We will describe the part of spectrum cr(G) fl iR. 

Theorem 4.5. Suppose that 

(i) the semi-module generated by the Bohr spectrum ofa{t), i.e. A := sm{ab{a)) , 
is a discrete countable set and 

(ii) ^ (Ti,{a), i.e. Mq.q := ^lim ^_j,a{t)dt ~ 0. 

Then S is also a discrete countable set. Moreover 

S C -iAUiA. 

In order to prove Theorem 14.51 '^^ need the following three lemmas. 

Lemma 4.6. Let f be a trigonometric polynomial with exponents bounded away 

N N 

from zero, i.e. f(t) = J2 a„e'^"'^ with |A„| > M > 0. Let g{t) = f^^'^"* ■ 

71—1 n—1 

Then there exists a constant D independent of f,g^N and M such that 

\\g\\<DAr^f\\. 

Proof. See [TD] Lemma 4.11, p. 72]. In fact, D = ||<p||i, where (p is the Fourier 
transform of 

'it if \t\ < 1 

^{~it)-^ ifKI>l 

and the norm is taken in Li(R). Note that D = \\ip\\i neither depends on /,(?, nor 
on the exponents. □ 

Lemma 4.7. Let f e AP(R) such that |A„| > M > for all A„ G (Jbif). Then 
9{-) ■■= /o f{s)ds e AP(R) and ab{g) C ab{f) U {0}. 

Proof. By applying the Approximation Theorem [111 Theorem 1.19, p .27], let Pn 
be a sequence of trigonometric polynomials which converge uniformly to / such 

that atipn) C atif). If p„ = E bi">e'^-\ define g„ = ^ -^e'^-'. Then (p„ - 

k=i k=i 
Pm){t) are trigonometric polynomials with exponents bounded away from zero and 
{qn - qra)'{t) = (p„ -pm){t). By applying Lemma |4]6l we have 

Ikn-gmll < DM^'^\\pn-pm\\- 

Since — Pm\\ a.s m,n oo, it follows that the sequence {qn} converges 
uniformly to a limit q. Since p„ — > /, it follows that 

^ M(Afe, /) := lim / e'^^"' f{t)dt as n ^ oo 

SO that the Fourier series associated with q is 

^ A/(A„,/)e'^"^ 
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Since q„ — J^pn{s)ds for all n, and qn — > q,Pn — > / uniformly, it follows that 
q = /J f{s)ds. It means that g e AP(M) and CT&(g) C atif) U {0}. □ 

Lemma 4.8. e^o '^(")''" e APa(M). 

Proof. Since sm(ab{a)) is a discrete set, so is (Tf,(a). From the assumption ^ (Tf,(a), 
we get that (Tfc(a) is bounded away from zero. Applying Lemma |4.7[ 



:= / a{t)dt e APa(M). 

We have 

efW =1+3 t + ^ + ^ + ... + ^ + ... 

2 3! n! 

Since g e APa(IR) we have that g is bounded, so the above infinite sum is uniformly 
convergent. Also S APa(M) due to the fact that APa(]R) is closed under products 
(see [ini Theorem 1.9, p. 5]) and (Jh{g^) € A as an apphcation of the Approximation 
Theorem. Since the uniform limit of a sequence of almost periodic functions is also 
an almost periodic function, e^*^'^ G AP(M). On the other hand, APA(Ili) is a closed 
subspace of AP(M). Therefore, e^^ ) G APa(M). □ 

Proof of theorem \4-.5\ It is sufficient to prove that for every real number A ^ — AuA, 
the equation 

^ = (a(^)-^A):^ + /(^) (4.3) 

has a unique solution x G APa(IR) for every / e APa(M). 
Let y{t) = e'^*a:(t) or x{t) = e"*^*y(t), then becomes 

^ = a{t)y + e^^'fit), 

which has a general solution 

y{t) = e^o <^)ds ^ ^^^rJ(^^^^- a(.)d.^^ _^ _ 

By applying Lemma 14.81 one has /(•)e~/o"(^)'^^ e APa(M). Now suppose that 

Keat (e*^V(T)e-^'' "(^^''^) , 

then A„ = A + /!„ for some /i„ € A. Since A ^ —A U A, it follows that A„ 7^ for all 
n. Because A is a discrete set, e^'^^ f{T)e^ -fo a{s)ds almost periodic function 

with Bohr spectrum bounded away from zero. 

By applying Lemma it follows that G(-) = e'^^/(r)e" ■''o" dr G AP(M). 
In fact G G APa+{a} (K), where A + {A} is the set of all real numbers /x of the form 

fi := m + A, m G A. 

Note that A + {A} 7^ A, since A ^ A. So y G APa+{a}(K) and therefore x{-) = 
e~^^'y{-) G APa(X) which completes the proof. □ 
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Remark 4.9. The condition ^ crb(a) is essential. Otherwise the solution 
y{t) = e^o '^i')'^' e'^^f{T)e- ■I'o ^''^'^^'dr + 

is even unbounded. For instance, choose a{t) 1 + e'*, then /g a{s)ds = t + ^ is 
unbounded. 

Example 4.10. Consider the equation 

The frequencies of a{t) :— (e** + e^*) are {l,-\/2}. The semi-module generated 
by the set of frequencies of a{t) is the set No + \/2No. With the operator G = 
—d/dt + a{t) one gets 

cr(G) n « c -i{No + N0V2) U i{No + N0V2), 

where No = {0,1,2,...}. 



5. Discussion 



Ordinary differential equations with almost periodic coefficients may be included 
in equation (13. ip . Our study of (13.11) can be extended to a more general class 
of evolution equations with almost periodic coefficients to include some classes of 
partial differential equations. Below we will discuss the question of how to determine 
the minimal evolution semigroup associated with the evolution equation 

§ = Ait)x, (5.1) 

on a Banach space X, where A(t) is a family of unbounded linear operators that de- 
pends almost periodically on t in an appropriate sense that includes a conventional 
definition of this concept when A{t) is a family of bounded operators. 

Definition 5.1. Given any real number uj and a closed linear operator A in a 
Banach space X. The operator A is said to be in class A{uj) if 

\\{x ^ XAx) - {y - XAy)\\ > (1 - Ac^)||a; - y|| 

for aU x,y e D{A) and A > with Xuj < 1. 

If A is in A{0), then, A is said to be accretive. 

Below we summarize and adapt the conditions of a result in [5' in our context 
of linear almost periodic equations. We first introduce some notation. J\{t) :— 
{I - XA{t)r\ A^it) := iI-A{t))/X. 

Theorem 5.2. Let A{t) appearing in equation i5.1\) satisfy the following conditions: 

(i) D{A{t)) = X for all t e R, 

(ii) A{t) G A{uj) for all t Cz R. with a fixed uj, 

(iii) There exist a hounded and continuous function / : M — )• X, and a monotone 
increasing function L : [0,oo) — > [0,oo) such that 

\\A^{t)x-A^{T)x\\<L{\\x\\)\\f{t)^f(T)\\ 

for all t,T E M., X ^ H, < X < Xq, where Xq is some positive number, 
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(iv) For each a: G X , < /io < the function R{fJ-, A{t))x is an almost periodic 
function m t G R with Bohr spectrum denoted by ab{fJ-,x). 

Then, the generalized solutions of equation i5.1\) generate an almost periodic evo- 
lutionary process (U{t, s))t>s in X . More precisely, the process is determined by 

U{t,s)x:= \im Y[j(^t-s)/n(s + i- -] x. (5.2) 

Moreover, the evolution semigroup {T^)h>o associated with the evolution process 
{U(t, s))t>s in AP{X.) leaves the subspace APa(X) invariant, where A is the module 
generated by 

U crb{tJ;x). 

Proof. For the proof of generation of an almost periodic evolutionary process of 
equation (|5.ip the reader is referred to [3] and its references. To prove the invariance 
of ylPA(X) under {T'')h>a, note that 



R{^i,Ait)) = {^^-A{t))- 



ti[l--A{t) 



thus condition (iv) guarantees that J\ leaves APa{X) invariant for each A > 0. Fix 
t — s and choose A — , then 

J(t~s)/n (yS + i—^^ = Jx{t- nX + iX), 

thus each operator in the product of (|5.2p leaves AP^pC) invariant. Hence for each 
n gN, the right hand side of the expression (15.21) as a function of t actually leaves 
AP\{X) invariant. Since APaCK.) is closed, the limit must be in the space, which 
completes our proof. 

□ 

Example 5.3. Consider the boundary value problem 

ut{t, = a{t)u^^{t, 0, < e M, < ^ < 1, 

■^(^,0) = u(t, l) = 0, teR, 

where u{t, •) G X := L^[0, 1] for i e M, with L^-norm, and a : M M is a function 
that is almost periodic. We define 

D{A{t)) {g e L^[0, 1] : g,g' are absolutely continuous, 

g" eL'[0,l],g{0) = g{l) = 0} 
A{t)g = ait)g", g & D{A{t)). 



It is well known that D{A{t)) = X for all t, and it is easy to show that the operator 
A{t) satisfies all conditions listed in Theorem 15.21 
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